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Abstract
The wave equation for spin-0 massless particles with the Lorentz
violating term leading to varying speed of particles is considered. This
equation is represented as the first-order 6×6 matrix equation. Solu-
tions of the equation in the form of projection matrix are obtained.
The Schro¨dinger form of the equation is obtained and the quantum-
mechanical Hamiltonian is found.
1 Introduction
The goal of this letter is to modify and investigate the wave equation for the
simplest case of massless and spinless particles taking into account quantum
gravity corrections. The space-time foam, within the Liouville string ap-
proach to quantum gravity [1], influences on the propagation of low-energy
particles. It should be mentioned that the string theory is the consistent
quantum theory which can incorporate gravity. As a result of quantum
gravity effect, within a non-critical formulation of string theory, space-time
becomes a ’medium’ (foam) and propagating quantum-mechanical particles
interact with non-propagating gravitational stringy degrees of freedom. This
leads to the modification of the dispersion relation for massless particles [2]
E = |k|+ ηk2/MP (MP is the Plank mass, η is a dimensionless parameter).
The deformation of the dispersion relation is a consequence of the quantum
friction of open dynamical system. As a result, due to interaction with foamy
’medium’, massless particles propagate with a velocity v = 1+ηE/MP . which
depends on energy. This phenomenon is connected with breakdown of con-
formal invariance in a quantum theory of non-critical strings, and to recover
conformal symmetry we have to dress up the theory. It should be mentioned,
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however, that the two-dimensional non-critical string [1] is a particular ex-
ample of a stochastic formulation of quantum gravity. It was shown in [1]
that in local scattering experiments the only propagating degrees of freedom,
associated with observables, are massless scalar fields coupling space-time
background (black holes). As a result, there are observable consequences of
this interaction of foam and propagating fields.
The spontaneous violation of Lorentz and CPT symmetries within the
string theory was also considered in [3]. The effective field theory with taking
into consideration the Lorentz invariance violation (LIV) was investigated by
[4] and bounds on LIV coefficients were obtained [5]. Some models of LIV
were studied in the photon sector [6] and fermion sector [7]. The LIV models
modify dispersion relations. Special form of the dispersion relation due to
quantum gravity corrections was proposed in [8], [9]:
p20 = p
2 +m2 − (Lp0)
α
p2, (1)
where p0 ≡ E is an energy and p is a momentum of a particle, the speed of
light in vacuum c = 1, and L is the LIV parameter which is of the order of the
Plank length LP = M
−1
P . At L > 0 particles propagate with the subluminal
speed. The space-time foam Liouville-string models [2] lead to the modified
dispersion relation (1) with the parameter α = 1, and m = 0. The wave
equations for massive spinless particles realizing the dispersion equation (1)
were considered in [10], [11], and for massive spin-1/2 particles - in [12].
The Euclidean metric is used here, we put h¯ = c = 1, and Greek letters
run 1,2,3,4 and Latin letters run 1,2,3.
2 Wave equation and solutions
I postulate the wave equation for massless and spinless particles as follows:(
∂2µ − iL∂
2
i ∂t
)
Φ(x) = 0, (2)
where ∂µ = ∂/∂xµ = (∂/∂xi, ∂/(i∂t)), t is a time and x4 = ix0 = it. We treat
Eq.(2) as an effective wave equation taking into consideration the LIV due to
quantum gravity corrections and introducing preferred frame effects. We do
not identify the field Φ(x) with a particular degree of freedom. The equation
for massive spinless particles were considered in [10], [11]. The modified
dispersion relation (1) with m = 0 and α = 1 follows from Eq.(2) if one uses
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the plane-wave solution for positive energy Φ(x) = Φ0 exp[i(px − p0x0)]. It
should be noted that Eq.(2) is invariant under the rotation group but the
invariance under the boost transformations is broken. The second term in
Eq.(2) contains the LIV parameter L. Eq.(2) is third order in derivatives
and can be represented in the first-order form [13] and it follows from the
system of first order equations
∂µΨµ + ∂4Φ˜ = 0,
∂µΦ + κΨµ = 0, (3)
L∂mΨm − Φ˜ = 0,
where the parameter κ with the dimension of “mass” is introduced. The fields
Ψµ, Φ, Φ˜ have the same dimension due to the mass parameter κ. Physical
values should not depend on the κ. Let us introduce the wave function
Ψ(x) = {ΨA(x)} =
 Φ(x)Ψµ(x)
Φ˜(x)
 , (4)
with index A = (0, µ, 0˜), Ψ0 = Φ, Ψ0˜ = Φ˜. Exploring the elements of the
entire matrix algebra εA,B, with matrix elements and products [13]:(
εM,N
)
AB
= δMAδNB, ε
M,AεB,N = δABε
M,N , (5)
where A,B,M,N = (0, µ, 0˜), Eqs.(3) can be written as[
∂µ
(
εµ,0 + ε0,µ + δµ4ε
0,˜0 − κLδµmε
0˜,m
)
(6)
+κ
(
εµ,µ + ε0˜,˜0
)]
AB
ΨB(x) = 0.
were the summation over all repeated indices is implied. Introducing the
6× 6 matrices
βµ = ε
µ,0 + ε0,µ + δµ4ε
0,˜0 − κLδµmε
0˜,m, P = εµ,µ + ε0˜,˜0, (7)
with
βm = ε
m,0 + ε0,m − κLε0˜,m, β4 = ε
4,0 + ε0,4 + ε0,˜0, (8)
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and P is a projection matrix, P 2 = P , Eq.(6) takes the form of the first-order
wave equation
(βµ∂µ + κP )Ψ(x) = 0. (9)
The 5-dimensional matrices β(0)µ = ε
µ,0+ε0,µ obey the Duffin−Kemmer−Petiau
algebra and enter the Lorentz covariant wave equation for scalar particles [13].
The expression Jmn = ε
m,n − εn,m represents the rotation group generators
[13] and obeys the commutation relations as follows:
[β4, Jmn] = 0, [βk, Jmn] = δkmβn − δknβm, [P, Jmn] = 0. (10)
Thus, Eq.(9) is covariant under the rotation group but not under the boost
transformations. The matrices βµ obey the algebra
βµ (βνβλβσ + βσβλβν) + βλ (βνβµβσ + βσβµβν) + βν (βλβσβµ + βµβσβλ)
+βσ (βλβνβµ + βµβνβλ) = δµν (βλβσ + βσβλ) + δλν (βµβσ + βσβµ)
(11)
+δµσ (βλβν + βνβλ) + δσλ (βµβν + βνβµ)
−κL
[
(δσmδν4 + δνmδσ4) (δmλβµ + δmµβλ)+(δλmδµ4 + δµmδλ4) (δmσβν + δmνβσ)
]
.
which generalizes the Duffin−Kemmer−Petiau algebra.
The plane wave solution for the positive energies reads Ψ(x) ∼ exp[i(p,x−
p0x0)] and we have from Eq.(9)
(ip̂+ κP ) Ψ(p) = 0, (12)
where p̂ = βµpµ. From Eq.(11) one obtains the matrix equation for p̂
p̂4 − p2p̂2 + κLp4p
2p̂ = 0, (13)
with notations: p2 = p2 − p20, p4 = ip0. One can verify with the help of (13)
that the matrix
Λ = ip̂+ κP (14)
satisfies the equation as follows:
Λ (Λ− κ)
[
Λ (Λ− κ)2 + p2 (Λ− κ)− iκLp4p
2
]
= 0. (15)
From Eq.(15), we obtain (off-shell) the solutions to Eq.(12) in the form
Π = N (Λ− κ)
[
Λ (Λ− κ)2 + p2 (Λ− κ)− iκLp4p
2
]
(16)
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and ΛΠ = 0; N is the normalization constant. Thus, each column of the
matrix Π is the solution to Eq.(12). Requirement that Π is the projection
matrix [14], Π2 = Π, gives the normalization constant
N =
1
κ2 (p2 − Lp0p2)
. (17)
It should be noted that on-shell, when Eq.(1) is satisfied with m = 0, α = 1,
the minimal matrix equation (15) becomes
Λ2 (Λ− κ)
[
(Λ− κ)2 + p2
]
= 0. (18)
In this case zero eigenvalues of the matrix Λ are degenerated and it is impos-
sible to obtain solutions to Eq.(12) in the form of projection operators [14].
Note that when Eq.(1) is satisfied (m = 0, α = 1), the denominator of (17)
becomes zero.
3 Schro¨dinger form
Now we consider the Schro¨dinger form of Eq.(9). One can rewrite Eq.(9) as
follows:
iβ4∂tΨ(x) =
(
βm∂m + κP
)
Ψ(x). (19)
It is easy to verify that the matrix β4 obeys the matrix equation
β44 = β
2
4 , (20)
so that the matrix Σ = β24 is the projection operator, Σ
2 = Σ. The dynamical
components of the wave function Ψ(x) read φ(x) = ΣΨ(x). We define the
projection operator
Ω = 1− Σ = ε0˜,˜0 + εm,m − ε4,˜0, (21)
which obeys the equality Ω2 = Ω. Then non-dynamical components of the
wave function Ψ(x) are χ(x) = ΩΨ(x). Multiplying Eq.(19) by the matrix
β4, and taking into account the equation β4βmβ4 = 0, one finds
i∂tφ(x) = β4βm∂mχ(x) + κβ4PΨ(x). (22)
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The relation Ψ(x) = φ(x)+χ(x) is valid because Σ+Ω = 1. After multiplying
Eq.(19) by the matrix Ω, and taking into account the equations Ωβ4 = 0,
β4PΩ = 0, we obtain
Ωβn∂nΨ(x) + κχ(x) = 0. (23)
Expressing the component χ from Eq.(23)
χ(x) = −
1
κ
Ωβn∂nΨ(x) (24)
and putting it into Eq.(22), with the aid of the equations β4βmΩβnΩ = 0,
β4PΩ = 0, one finds the Schro¨dinger equation
i∂tφ(x) =
(
−
1
κ
β4βm∂mΩβn∂n + κβ4P
)
φ(x). (25)
The wave function φ has only two non-zero components
φ(x) =
(
Φ(x)
Ψ4(x) + Φ˜(x)
)
, (26)
corresponding to states with positive and negative energies. We can represent
Eq.(25) in the form
i∂tφ(x) = Hφ(x), (27)
where the Hamiltonian is
H =
1
κ
(
κLε0,0 − ε4,0
)
∂2m + κ
(
ε0,4 + ε0,˜0
)
. (28)
With the help of Eq.(5), the Hamiltonian (28) can be written as
H =
(
L∂2m κ
−(1/κ)∂2m 0
)
. (29)
Eq.(27), using Eqs.(26),(29), can be written as a system of equations
i∂tΦ(x) = κ
(
Ψ4(x) + Φ˜(x)
)
+ L∂2mΦ(x),
(30)
i∂t
(
Ψ4(x) + Φ˜(x)
)
= −
1
κ
∂2mΦ(x).
Eqs.(30) may be found from Eqs.(3), replacing components Ψm(x) = −(1/κ)∂mΦ(x).
One can notice that Eqs.(27), (30) include only components with the time
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derivatives. The Hamiltonian form Eq.(27) has an advances compared to
Eq.(9) because it is 2× 2 matrix-differential equation and the wave function
has only two dynamical components connected with positive and negative
ehergies. The Hamiltonian (29) in the momentum space ∂µ → ipµ satisfies
the equation as follows:
H2 + Lp2H− p2I2 = 0, (31)
with I2 being 2×2 identity matrix. It follows from Eq.(31) that the eigenvalue
of the Hamiltonian p0 obeys the dispersion equation (1) at m = 0, α =
1. It should be noted that the Schro¨dinger form is convenient for solving
problems with interacting particles. One can introduce in the Hamiltonian
the potentials connecting particle interaction with external fields.
4 Conclusion
In this letter we consider an effective theory of massless and spinless parti-
cles which takes into consideration quantum-gravitational friction and leads
to LIV. The wave equation proposed allow us to investigate quantum pro-
cesses with taking into account quantum gravity corrections. The spinless
and massless particles of the proposed wave equation possess varying speed
depending on the energy. This is a consequence of interaction of particles
with foamy ’medium’. Such effective interaction is due to the evolution of
the quantum-mechanical system during the time which is longer as compared
with the Planck time. As a result, this leads to open quantum-mechanical
system and the interaction with environment can be treated as an interaction
with space-time foam. This approach corresponds to a stochastic formulation
of quantum gravity.
For low energy the particle speed is the light speed c, but for high energy
the speed is less than c for L > 0. The first-order wave equation formulated is
convenient for different applications. The solutions in the form of projection
matrix (16) can be used for calculations of quantum processes with massless
and spinless particles. The Schro¨dinger form of the equation obtained can be
used for quantum-mechanical calculations. The Hamiltonian obtained allows
us to introduce the interaction of light particles with external fields in a simple
manner as it is a 2 × 2 matrix. The first-order wave equation and solutions
obtained as well as the Hamiltonian found are the basis for the investigation
of different quantum processes of interacting particles taking into account
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quantum gravity corrections. When spin effects of massless particles (for
example, photons, neutrinos) are negligible the proposed wave equation can
be used for studying the propagation and interaction with different particles.
At present energies the LIV effects are suppressed by the Planck scale MP =
1.22 × 1019 GeV and there are not signs yet of LIV in experiments. The
analysis of bounds on the LIV parameter L from experimental data and
consequences of a proposed model will be further investigated.
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